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Let F be a number ﬁeld. Given a continuous representation
ρ :GF −→ GL2(F) with insoluble image we show, under moderate
assumptions at primes dividing ∞, that ρ ∼ ρ mod  for some
continuous representation ρ :GF −→ GL2(Q) which is unramiﬁed
outside ﬁnitely many primes. We also establish level lowering
when F is totally real, ρ is the reduction of a nearly ordinary
Hilbert modular form and is distinguished at .
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1. Introduction
Given a continuous, odd representation ρ : GQ −→ GL2(F), one can ask if there is a continuous
representation ρ : GQ −→ GL2(Q) which is unramiﬁed outside ﬁnitely many primes and whose re-
duction modulo  is equivalent to ρ . Apart from being a natural question to ask, the existence of
characteristic zero liftings is a fundamental ingredient in the proof Serre’s modularity conjecture by
Khare and Wintenberger (see [4,5]). The existence of such liftings was ﬁrst shown by R. Ramakr-
ishna [9]; a modiﬁed approach due to Khare and Wintenberger [5], produces liftings with controlled
ramiﬁcation.
In this article we discuss the issue of ﬁnding characteristic zero liftings for representations GF −→
GL2(F) when F is a number ﬁeld. We ﬁrst generalize the results of Ramakrishna [9], to the setting
of number ﬁelds following the treatment given in [12]. Secondly, we adapt the method of Khare and
Wintenberger [5], and use Skinner and Wiles [11], to give a deformation theoretic approach to the
problem of level lowering over totally real ﬁelds. The key result that we make use of in both cases is
a beautiful result of Böckle which describes the structure of a global deformation ring purely in terms
of local conditions (see [1,2]).
We now give a brief summary of the lifting results presented in this article. Our ﬁrst result
essentially states that ‘generically’ two dimensional residual representations of the Galois group of
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to be continuous.) For example, we prove the following:
Let F be a number ﬁeld, and let k a ﬁnite ﬁeld of characteristic . Suppose we are given an absolutely
irreducible representation ρ : GF −→ GL2(k) and a character χ : GF −→ W (k)× lifting detρ . Assume that:
• [F (ζ ) : F ] 3 where ζ is an th root of unity; and,
• for any prime v|, we have H0(Gv ,ad0 ρ(1)) = (0).
There is then a continuous representation ρ : GF −→ GL2(W (k)) with determinant χ , unramiﬁed outside
ﬁnitely many primes, and such that ρ = ρ mod .
A more precise statement is given in Theorem 4.5. Note that producing characteristic zero lifts is
a problem only when  divides the order of the image of ρ .
Stronger lifting results are possible when F is totally real and ρ is totally odd. If in addition ρ is
modular, then in some cases one can produce minimally ramiﬁed modular liftings of ρ . In this regard,
we prove the following result (see Theorem 4.6):
Let F be a totally real number ﬁeld,  an odd prime, and let ρ : GF −→ GL2(F) be absolutely irreducible
with determinant the mod  cyclotomic character. We assume that:
• there is a parallel weight nearly ordinary Hilbert modular form f such that ρ ∼ ρ f ,λ mod λ,
• ρ is distinguished at primes above , and
• if [F (ζ) : F ] = 2 then ρ is not induced from a character of F (ζ).
There is then a nearly ordinary Hilbert modular form g of parallel weight 2 whose mod  representation is
equivalent to ρ and such that g has minimal level away from .
The above is a strengthening of a result of Skinner and Wiles [11] in the nearly ordinary case.
In [11], level lowering is proved modulo solvable base change; our addition is to produce a charac-
teristic zero minimal lift and then deduce the relevant level lowering statement using base change
results of Langlands. The method is from the work of Khare and Wintenberger [4,5]; it would also
apply to some cases where the residual representation ρ : GF −→ GL2(F) is not nearly ordinary
provided some restrictions are imposed on how  ramiﬁes in F . However, it is not clear if we can
establish, with these restrictions, any level lowering statement which is new or indeed stronger than
known ones (for example the results of Jarvis in [6]). Work of Toby Gee [3], shows that the approach
of Khare and Wintenberger also works for higher dimensional representations.
2. Galois cohomology
We shall now prove a key result in Galois cohomology which allows us to trivialise a ‘dual Selmer
group’ at the cost of additional ramiﬁcation. Essentially we seek to establish a form of the Hasse prin-
ciple: Given a number ﬁeld F , a ﬁnite GF -module V , and a non-zero cohomology class ξ ∈ H1(GF , V ),
when can we deduce the existence of a prime v such that the restriction of ξ to H1(GFv , V ) is non-
trivial?
In this section, F is a number ﬁeld, K is a ﬁnite Galois extension of F , and g is a ﬁxed element
of Gal(K/F ). We also ﬁx a ﬁnite ﬁeld k of characteristic . Throughout this section, the pair (M,N)
is shorthand for the following data: M is a ﬁnite simple k[Gal(K/F )]-module, and N is a non-trivial
k-subspace of M stable under the action of g (i.e. N = 0 or M , and gN = N).
Lemma 2.1. Suppose we are given a pair (M,N) and a cocycle ξ ∈ H1(GF ,M) which restricts to a non-zero
element of H1(GK ,M). Fix a ﬁnite Galois extension K ′ ⊃ K of F containing the splitting ﬁeld of ξ , and view ξ
as an element of H1(Gal(K ′/F ),M). We can then ﬁnd a g′ ∈ Gal(K ′/F ) lifting g such that ξ(g′) /∈ N.
Proof. Let g1 ∈ Gal(K ′/F ) be a lifting of g and suppose that ξ(g1) ∈ N . Now for any h ∈ Gal(K ′/K ),
we have ξ(hg1) = ξ(h) + ξ(g1). Thus if ξ(hg1) ∈ N for all h ∈ Gal(K ′/K ), then ξ(Gal(K ′/K )) ⊂ N .
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ated by ξ(Gal(K ′/K )) is a non-trivial proper k[Gal(K ′/F )]-submodule of M—a contradiction. Hence
ξ(h′g1) /∈ N for some h′ ∈ Gal(K ′/K ), and we can take g′ to be h′g1. 
Proposition 2.2. Suppose we are given pairs (Mi,Ni), i = 1, . . . ,n, and cocycles ξi ∈ H1(GF ,Mi). Assume
that distinct Mi ’s are not isomorphic as k[Gal(K/F )]-modules, and that each ξi restricts to a non-zero element
of H1(GK ,Mi).
There is then a prime v of F such that:
• ⊕i Mi is unramiﬁed at v and Frobv m = gm for all m ∈⊕i Mi ;• the restriction of ξi to
H1(GFv ,Mi)
Im(H1(GFv ,Ni) −→ H1(GFv ,Mi))
is non-trivial.
Proof. Let Ki be the splitting ﬁeld of ξi over K . Note that the Ki ’s are Galois over F . Since the k linear
span of the Gal(Ki/F )-module ξi(Gal(Ki/F )) is Mi , we see that the Ki ’s are linearly disjoint over K .
By Lemma 2.1 we can ﬁnd gi ∈ Gal(Ki/F ) lifting g such that ξi(gi) /∈ Ni . We claim that we can ﬁnd a
prime v of F with Frobv lifting the gi ’s simultaneously.
Denote by L the Galois extension of F generated by the Ki ’s, and let gˆ ∈ Gal(L/F ) be a lifting of g .
We can write the image of gˆ in Gal(Ki/F ) as giui for some ui ∈ Gal(Ki/K ). Since the Ki ’s are linearly
disjoint over K , we can ﬁnd u ∈ Gal(L/K ) lifting the ui ’s simultaneously. Now gˆu−1 ∈ Gal(L/F ) lifts gi .
By Chebotarev, we can ﬁnd a prime v of F lifting gˆu−1, and this establishes the claim.
If the restriction of ξi at v is in Im(H1(GFv ,Ni) −→ H1(GFv ,Mi)) then ξi(Frobv)+ (Frobv −1)mi ∈
Ni for some mi ∈ Mi . This implies that ξi(gi) ∈ Ni + (g − 1)Mi = Ni—contradiction. 
3. Deformation conditions
Let k be a ﬁnite ﬁeld of odd characteristic . A CNL(k)-algebra (or simply a CNL-algebra if k is
understood) is an abbreviation for a complete, Noetherian, local W (k)-algebra with residue ﬁeld k.
The maximal ideal of a CNL(k) ring A will be denoted by mA , or simply by m if the context is clear.
We shall follow Mazur [7], in describing deformation problems. Very brieﬂy, let ρ : Π −→ GL2(k)
be a representation (where Π is a nice proﬁnite group). A deformation condition D for ρ is a collec-
tion of liftings of ρ satisfying the following properties:
(I) D is closed under strict equivalence and projections (under morphisms of CNL(k)-algebras).
(II) Given a cartesian diagram
A ×C B
πB
πA
B
β
A
α
C
of Artinian CNL(k)-algebras A, B , C with β small, a lifting ρ : Π −→ GL2(A ×C B,ρ) of ρ is in D
if and only if the projections πAρ , πBρ are in D.
The tangent space of D will be denoted by tD . It has a natural k-vector space structure and a natural
identiﬁcation with a subspace of H1(Π,adρ). The (uni)versal type D deformation ring has a presenta-
tion W (k)[[T1, . . . , Tn]]/ J where n = dimk tD . As for the ideal J , one has gen( J ) dimk H2(Π,adρ).
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the preceding description.)
3.1. Examples of local deformation conditions
Let F be a ﬁnite extension of Qp and let k be a ﬁnite extension of F (p,  are not necessarily
distinct). Fix a continuous representation
ρ : GF −→ GL2(k)
and let χ : GF −→ W (k)× be a character lifting detρ . We denote the -adic (resp. mod ) cyclotomic
character by ω (resp. ω).
We now recall, from [12], some examples of smooth deformation conditions with determinant χ
for ρ under suitable constraints. (In [12] the local ﬁeld F is assumed to be Qp . The claims made here
are proved in exactly the same way.)
Example 3.1. Assume that H0(GF ,ad
0 ρ(1)) is trivial. Let D be the deformation condition consisting of
all liftings of ρ with determinant χ . Since by local duality H2(GF ,ad
0 ρ) is trivial, the deformation
condition D is smooth and
dimk H
1(GF ,ad0 ρ)= dimk H0(GF , Ad0ρ)+ 3[F : Qp]δp
where δp = 1 if p =  and 0 otherwise.
Note that for H0(GF ,ad
0 ρ(1)) to be non-trivial, one of the following must hold:
1. ρ is absolutely irreducible, [F (ω) : F ] = 2, and ρ is induced from a character of GF (ω); or
2. ρ is twist equivalent to (
ω ∗
0 1
)
or
(
ω−1 ∗
0 1
)
.
Example 3.2. Assume that p = , that the image of inertia under ρ is co-prime to , and that χ restricted to
inertia has ﬁnite order. Let K be the splitting ﬁeld for ρ , and take D to be the collection of liftings of
ρ with determinant χ which factor through Gal(F nrK/F ). Then:
• D is a smooth deformation condition;
• dimk tD = dimk H0(GF ,ad0 ρ ).
Example 3.3. Assume that
ρ =
(
ω ∗
0 1
)

where  : GF −→ W (k)× is a character. If ρ is semi-simple, assume further that ω = 1.
Let D be the collection of liftings ρA : GF −→ GL2(A) such that
ρA ∼
(
ω ∗
0 1
)
.
Then:
• D is a smooth deformation condition;
1182 J. Manoharmayum / Journal of Number Theory 129 (2009) 1178–1190• Let N be the set of matrices of the form (
0 ∗
0 0
)
.
Then tD is the image of H1(GF ,N) in H1(GF ,ad0 ρ ), and its dimension is dimk H0(GF ,ad0 ρ) +
[F : Qp]δp .
Example 3.4. Let χ : GF −→ W (k)× be a character such that χ = ω. Let ρ : GF −→ GL2(k) be the represen-
tation
ρ =
(
χ ξ
0 1
)
where ξ is a 1-cocycle representing an element of H1(GF ,k(χ)). Further, assume that if ξ = 0 then χ is
non-trivial.
Let D be the collection of liftings ρ : GF −→ GL2(A) of ρ such that
ρ ∼
(
χψ ∗
0 ψ−1
)
where ψ is an unramiﬁed character. Then D is a smooth deformation condition and
dimk tD = [F : Q] + dimk H0
(
GF ,ad
0 ρ
)
.
To see this, ﬁrst note that with ρ : GF −→ GL2(A) as in the preceding paragraph, the equality
ρ
( a b
c d
)= ( a b
c d
)
ρ implies that c = 0. One then checks D is a deformation condition for ρ in exactly the
same way as Example E3 of [12].
We verify that D is a smooth deformation condition: Consider an Artinian CNL-algebra A, and let
0 = t ∈ A be such that mAt = (0). Suppose ρA/t : GF −→ GL2(A/t) is the representation
ρA/t =
(
χψA/t ξA/tψ
−1
A/t
0 ψ−1A/t
)
.
Let ψ : GF −→ A× be an unramiﬁed character lifting ψA/t , and let ξ˜ : GF −→ A be a continuous
function such that ξA/t = ξ˜ mod t . The obstruction to(
χψ ξ˜ψ−1
0 ψ−1
)
being a lifting of ρA/t is that the function X : GF × GF −→ k deﬁned by
t X(g,h) := ξ˜ (gh) − ξ˜ (g) − χ(g)ψ(g)2ξ˜ (h)
is zero. But X is a representative of a 2-cocycle in H2(GF ,k(χ)) = (0). Hence there is a continuous
function x : GF −→ k such that X(g,h) = x(gh) − x(g) − χ(g)x(h), and(
χψ (˜ξ + tx)ψ−1
0 ψ−1
)
is a lifting of ρA/t in D.
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subspace of upper triangular nilpotent matrices. We have exact sequences
0 B0 ad0 ρ k(χ−1) 0
0 k(χ) B0 k 0
The tangent space tD can thus be identiﬁed with the subspace of H1(GF , B0) which when projected
down to H1(GF ,k) under the second exact sequence is unramiﬁed. If we denote by L the image of
the map H1(GF ,k(χ)) −→ H1(GF , B0), then dimk tD = dimk L + 1. Using the exact sequence
0 −→ H0(GF , B0) −→ H0(GF ,k) −→ H1
(
GF ,k(χ)
)−→ L −→ 0,
we see that
dimk L = dimk H1
(
GF ,k(χ)
)− dimk H0(GF ,k) + dimk H0(GF , B0)
= [F : Q]δp − 1+ dimk H0
(
GF ,ad
0 ρ
)
,
and so dimk tD = [F : Q] + dimk H0(GF ,ad0 ρ ).
We summarize the various properties of the local deformation conditions considered in the above
examples as follows:
Proposition 3.5. Suppose F is a ﬁnite extension ofQp, p = . Let ρ : GF −→ GL2(k) be a continuous represen-
tation, and let χ : GF −→ W (k)× a character lifting detρ . There then exists a smooth deformation condition
D with determinant χ for ρ such that:
• If ρ : GF −→ GL2(W (k)) is a lifting of ρ inD, then the Artin conductors of ρ and ρ are the same.
• The (uni)versal deformation ring RD is a power series ring over W (k) in dimk H0(GF ,ad0 ρ) variables.
Proof. Denote by I F the inertia subgroup of GF . Note that χ |I F is the Teichmüller lift of detρ|I F .
First, suppose that ρ is semi-simple. Then the restriction of ρ to the inertia subgroup I F is semi-
simple. If ρ|I F is absolutely irreducible then H0(I F ,ad0 ρ ) = (0); so H0(GF ,ad0 ρ(1)) = (0), and we
can use Example 3.1. In this case the universal deformation ring is W (k), and (along with our choice
of determinant) the universal deformation has the same conductor as ρ .
Suppose now that ρ is semi-simple and ρ|I F is not absolutely irreducible. Then ρ|I F either splits as
a sum of two characters or is a homomorphism into the non-zero elements of the quadratic extension
of k. In both cases   |ρ(I F )|, and we can use Example 3.2. Note that after extension of scalars ρ|I F ∼
χ1 ⊕χ2 and the (uni)versal representation restricted to inertia I F is equivalent to χ̂1 ⊕ χ̂2 from which
the claim about conductors follow.
Now assume that ρ is not semi-simple. Twisting ρ by a character and χ by the square of the
Teichmüller lift of that character, we may assume
ρ =
(
χ ξ
0 1
)
where 0 = ξ ∈ H1(GF ,k(χ)). By local duality, either χ is trivial or χ = ω. In the latter case, we can
use Example 3.3. Finally, in the case χ = 1 but ω = 1 we can use Example 3.4. In either case, the
statement regarding conductors is easy to see. 
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representation and let χ : GF −→ W (k)× be a character lifting detρ . There then exists a smooth deformation
conditionD with determinant χ for ρ such that dimk tD  dimk H0(GF ,ad0 ρ ) + [F : Q].
Proof. We may assume that H0(GF ,ad
0 ρ(1)) is non-trivial. Thus ρ is equivalent, possibly after twist-
ing by a character, to one of the following representations:(
ω ∗
0 1
)
or
(
ω−1 ∗
0 1
)
.
In the ﬁrst case, one can use Example 3.2; in the second case, we use Example 3.3. 
3.2. Global deformations
Now let F be a number ﬁeld, let ρ : GF −→ GL2(k) be a representation and let χ : GF −→ W (k)×
be a character lifting the determinant of ρ . A global deformation condition D (with determinant χ )
for ρ is a deformation condition (with determinant χ ) which is determined by its local components:
For each prime v of F we are given a deformation condition Dv (with determinant χv ) for ρv . The
local components Dv must be unramiﬁed for almost all primes v . A lifting ρ of ρ is in D if and only
if the restriction ρv is of type Dv for all primes v . For D a global deformation condition, we deﬁne
its ramiﬁcation set SD to be the (ﬁnite) set of primes where Dv is ramiﬁed and primes dividing ∞.
Deformations of type D admit a (uni)versal deformation; the tangent space for deformations of
type D with ﬁxed determinant is given by the Selmer group
H1{tDv }
(
F ,ad0 ρ
)= ker(H1(Gal(F SD/F ),ad0 ρ)−→ ⊕
v∈SD
H1
(
GFv ,ad
0 ρ
)
/tDv
)
.
We now describe a result of Böckle which allows one to calculate the global (uni)versal deforma-
tion ring in terms of local deformation rings.
Let ρ,χ be as above, and ﬁx a global deformation condition D with determinant χ for ρ . Fix, for
each v ∈ SD , a presentation
W (k)[[Tv,1, . . . , Tv,nv ]]/ J v , nv := dimk tDv ,
of the (uni)versal deformation ring Rv for type Dv deformations of ρ|GFv . Fix also a presentation
W (k)[[T1, . . . , Tn]]/ J , n := H1{tDv }
(
F ,ad0 ρ
)
,
for the (uni)versal global deformation ring R for type D deformations of ρ . Let
αv : W (k)[[Tv,i]] −→ W (k)[[Ti]]
be a morphism of local rings lifting chosen maps Rv −→ R gotten from the (uni)versality property of
the deformation rings.
Theorem 3.7. (See Böckle, Theorem 4.2 of [2].) With notation as in the preceding paragraphs, the ideal J is
generated by the images αv J v together with at most dimk H1{t⊥D}
(F ,ad0 ρ(1)) other elements. Thus
gen( J )
∑
v∈SD
gen( J v) + dimk H1{t⊥Dv }
(
F ,ad0 ρ(1)
)
.
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Throughout this section, F is a number ﬁeld, k is a ﬁnite ﬁeld of odd characteristic . As usual, we
ﬁx embeddings F ↪→ F v for each prime v , and write Gv for the decomposition group at v (identiﬁed
with the absolute Galois group of Fv ).
4.1. Trivialising the dual Selmer group
Fix a representation
ρ : GF −→ GL2(k)
and a character χ : GF −→ W (k)× lifting detρ . We shall assume that:
(R1) ad0 ρ is absolutely irreducible and  divides the order of the image ad0 ρ; and,
(R2) there is a prime w0 such that Fw0 (ω) = F and
ρ|Gw0 ∼
(
ω 0
0 1
)
× an unramiﬁed character.
Note that (R1) is equivalent to the assertion that the projective image of ρ is conjugate to PGL2(Fr )
or PSL2(Fr ).
We claim that the assumptions above imply that ad0 ρ and ad0 ρ(1) are inequivalent. To see this,
let us suppose the contrary. Thus the splitting ﬁeld of ad0 ρ contains F (ζ) where ζ is a primitive th
root of unity. On taking determinants (of ad0 ρ and ad0 ρ(1)) we get ω3 = 1, and hence [F (ζ) : F ] = 3
by (R2). Thus Gal(F (ad0 ρ)/F ) has a normal subgroup of index 3. Since Gal(F (ad0 ρ)/F ) is isomorphic
to PGL2(Fr ) or PSL2(Fr ), we must have  = 3 (and r = 1). But then [F (ζ) : F ] = 2—a contradiction.
Denote by K the splitting ﬁeld of ad0 ρ adjoined th roots of unity. Now H1(Gal(K/F ),ad0 ρ) is
always trivial except when  = 5 and ad0 ρ(GF ) ∼= A5. In the exceptional case, we record the following
observation of Taylor (cf. the proof of Lemma 1.2, [12]):
Lemma 4.1. Suppose  = 5 and ad0 ρ(GF ) ∼= A5 . Fix a prime w ≡ 1 mod 5 such that ad0 ρ(Frobw) has
order 5. If D is a deformation condition for ρ with determinant χ whose local component Dw at w is of the
type considered in Example 3.3, then the restriction maps
H1{tD}
(
F ,ad0 ρ
)−→ H1(GK ,ad0 ρ) and H1{t⊥D}(F ,ad0 ρ(1))−→ H1(GK ,ad0 ρ)
are injective.
For convenience, given a deformation condition D for ρ with determinant χ we set
δ(D) := dimk H1{tDv }
(
F ,ad0 ρ
)− dimk H1{t⊥Dv }(F ,ad0 ρ(1)).
Proposition 4.2. Let D be a global deformation condition for ρ with determinant χ . If δ(D) 0 we can ﬁnd
a global deformation condition E with determinant χ such that:
• SE ⊃ SD, and the local deformation conditions Ev andDv are the same for v ∈ SD;
• if v ∈ SE − SD , then Ev is smooth with dimk tEv = dimk H0(Gv ,ad0 ρ ); and,• the dual Selmer group
H1{t⊥Ev }
(
F ,ad0 ρ(1)
)= (0).
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prime w ≡ 1 mod 5, w /∈ SD and imposing deformation conditions of the type considered in Exam-
ple 3.3 at w so that we are in the situation considered in Lemma 4.1. Using the formula of Wiles (cf.
Theorem 8.6.20 of [8]), we see that the difference δ(D) remains invariant under the modiﬁcation. We
can therefore assume, in all cases, that the restriction maps
H1{tDv }
(
F ,ad0 ρ
)−→ H1(GK ,ad0 ρ) and H1{t⊥Dv }(F ,ad0 ρ(1))−→ H1(GK ,ad0 ρ)
have trivial kernels.
Suppose that the dual Selmer group for D is non-trivial. We can thus ﬁnd
0 = ξ ∈ H1{tDv }
(
F ,ad0 ρ
)
, 0 = ψ ∈ H1{t⊥Dv }
(
F ,ad0 ρ(1)
)
.
In the set up for Proposition 2.2, take g ∈ Gal(K/F ) to be Frobw0 and consider pairs (M1,N1) and
(M2,N2) where M1 = ad0 ρ,M2 = ad0 ρ(1),
N1 =
{(
0 x
y 0
) ∣∣∣ x, y ∈ k} , N2 = {( x y0 −x
) ∣∣∣ x, y ∈ k} .
We can then ﬁnd a prime w /∈ SD lifting g such that the restrictions of ξ,ψ to H1(Gw ,ad0 ρ )/
H1(Gw ,N1), H1(Gw ,ad
0 ρ(1))/H1(Gw ,N2) are non-trivial. We can assume that
ρ|Gv = 
(
ω 0
0 1
)
where  : Gw −→ W (k)× is an unramiﬁed character with χ |Gw = ω2.
Now let D1 be the global deformation condition for ρ with determinant χ given by local condi-
tions D1v = Dv for v = w , and whose local component D1w is the collection of liftings equivalent
to

(
ω ∗
0 1
)
.
As δ(D) = δ(D1), the proposition will follow if we can show that
dimk H
1
{t⊥D1v }
(
F ,ad0 ρ(1)
)
 dimk H
1
{t⊥Dv }
(
F ,ad0 ρ(1)
)
.
Let {Sv ⊂ H1(Gv ,ad0 ρ(1))} be the collection of local factors given by Sv = t⊥Dv for v = w and
Sw = H1(Gw ,ad0 ρ(1)). Note that if N is the k[Gw ]-submodule of N1 consisting of upper triangular
matrices, then
tD1w = H1(Gw ,N), t⊥D1w = H1(Gw ,N2).
Along with dimk tDw = dimk tD1w = 1, our choice of w ensures that
0−→ H1{S⊥v }
(
F ,ad0 ρ
)−→ H1{tDv }(F ,ad0 ρ)−→ tDw −→ 0
and
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(
F ,ad0 ρ(1)
)−→ H1{Sv }(F ,ad0 ρ(1))−→ H1(Gw ,ad0 ρ(1))t⊥D1w −→ 0
are exact sequences. By Theorem 8.6.20 of [8], we see that
dimk H
1{Sv }
(
F ,ad0 ρ(1)
)− dimk H1{t⊥Dv }(F ,ad0 ρ(1))
= dimk H1
(
Gw ,ad
0 ρ(1)
)− dimk H0(Gw ,ad0 ρ(1))+ dimk H1{S⊥v }(F ,ad0 ρ(1))− H1{tDv }(F ,ad0 ρ)
= dimk H1
(
Gw ,ad
0 ρ(1)
)− dimk H0(Gw ,ad0 ρ(1))− dimk H0(Gw ,ad0 ρ)
= 0,
and hence dimk H1{t⊥D1v }
(F ,ad0 ρ(1)) = dimk H1{t⊥Dv }(F ,ad
0 ρ(1))−1. An inductive argument now com-
pletes the proof. 
To check the inequality in the hypotheses of Proposition 4.2, we need only calculate local coho-
mology groups. This can further be reduced to calculations at  and ∞, in the following sense:
Proposition 4.3. Suppose for each v| we are given a deformation conditionDv with determinant χ for ρ|Gv
such that
∑
v|
(
dimk tDv − dimk H0
(
Gv ,ad
0 ρ
))

∑
v|∞
dimk H
0(Gv ,ad0 ρ).
There is a global deformation condition E with determinant χ such that:
• if v  ∞, then Ev is smooth with dimk tEv = dimk H0(Gv ,ad0 ρ );• if v|, then Ev =Dv ; and,
• the dual Selmer group
H1{t⊥Ev }
(
F ,ad0 ρ(1)
)= (0).
Proof. Let D1 be the global deformation condition with determinant χ deﬁned by the following local
conditions: At primes v|, D1v =Dv . At a prime v  ∞, we take D1v to be the one constructed in
Proposition 3.5 if ρ is ramiﬁed at v; if ρ is unramiﬁed at v then we take D1v to be the class of
unramiﬁed liftings with determinant χ |Gv . By Theorem 8.6.20 of [8], we have
dimk H
1{tD1v }
(
F ,ad0 ρ
)− dimk H1{t⊥D1v }(F ,ad0 ρ(1))
=
∑
v|
dimk tDv − dimk H0
(
Gv ,ad
0 ρ
)−∑
v|∞
dimk H
0(Gv ,ad0 ρ)
 0.
We can now apply Proposition 4.2. 
Using Theorem 3.7, we obtain
Corollary 4.4.With notation as in Proposition 4.2 (resp. Proposition 4.3), assume further that the local compo-
nentsDv are smooth for all v ∈ SD (resp. for v|). Then the universal deformation ring for type E deformations
1188 J. Manoharmayum / Journal of Number Theory 129 (2009) 1178–1190of ρ is a power series ring over W (k) in
dimk H
1{tD}
(
F ,ad0 ρ
)− dimk H1{t⊥Dv }(F ,ad0 ρ(1))
variables.
4.2. Lifting results
Now let ρ : GF −→ GL2(k) be absolutely irreducible, and let χ : GF −→ W (k)× be a character lift-
ing detρ . We shall assume that  divides the order of the image ad0 ρ , and that either [F (ζ ) : F ] > 2,
or ρ is not totally even: i.e. there is a prime v|∞ such that the projective image of ρ|Gv is non-trivial.
Under these assumptions, ρ satisﬁes property (R2) of the preceding subsection: If ρ is not totally
even then the image of the map g −→ (trρ(g),detρ(g),ω(g)) contains (0,−1,−1), and (R2) follows
by Chebotarev. If [F (ζ ) : F ] 3 then the image Projρ ×ω(GF ) contains the element
(
ae 0
0 a−e
)
× a2e
where e := ( − 1)/[F (ζ ) : F ] and F× = 〈a〉. Now a2e = 1, and by Chebotarev we can ﬁnd a prime w0
such that ω(Frobw0 ) = a2e and
ρ(Frobw0 ) ∼
(
a2e 0
0 1
)
× a scalar.
Theorem 4.5. Let F ,ρ,χ be as above. Suppose either that:
(A) for any prime v|, we have H0(Gv ,ad0 ρ(1)) = (0); or,
(B) F is totally real, ω2|Gv = 1 at primes v|, and ρ is totally odd (i.e. for every inﬁnite prime a choice of
complex conjugation there has determinant −1).
There is then a global deformation condition E for ρ with determinant χ such that the corresponding universal
deformation ring is a power series ring over W (k).
Proof. For each v|, take Dv to be the deformation condition for ρ|Gv with determinant χ |Gv as
follows: If we are in case (A), then Dv is the collection of all liftings of ρ|Gv with determinant χ |Gv .
If we are in case (B), then Dv is the one given by Proposition 3.6. Thus each Dv is smooth. Also, we
have
∑
v|
dimk tDv − dimk H0
(
Gv ,ad
0 ρ
)=∑
v|
δ[Fv : Q] = δ[F : Q]
where δ is 3 in case (A) and 1 in case (B). It is now clear that
∑
v|
dimk tDv − dimk H0
(
Gv ,ad
0 ρ
)−∑
v|∞
dimk H
0(Gv ,ad0 ρ) 0
and the result follows from Corollary 4.4. 
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We shall from now on suppose that F is a totally real number ﬁeld, k is a ﬁnite ﬁeld of charac-
teristic   3. Let ρ : GF −→ GL2(k) be an absolutely irreducible representation with determinant ω
satisfying the following hypotheses:
• ρ is distinguished above  : For each prime v|, ρ|Gv is reducible with distinct diagonal charac-
ters.
• There is a nearly ordinary Hilbert modular form f , parallel weight, such that ρ ∼ ρ f ,λ mod λ.
• If [F (ζ) : F ] = 2 then ρ is not induced from a character of F (ζ). (Thus H0(F ,ad0 ρ(1)) is always
trivial.)
For each prime v of F dividing  we ﬁx a character χv : Gv −→ k× as follows:
1. If ρ|Gv is indecomposable, then
ρ|Gv ∼
(
ωχv ∗
0 χ−1v
)
.
2. If ρ|Gv is decomposable, then χv is chosen so that
ρ f ,λ|Gv ∼
(∗ ∗
0 δ
)
with χ−1v = δ mod λ.
We shall view each character χv as a ﬁnite order character Gv −→ W (k)× .
Theorem 4.6.With the preceding assumptions, there is a continuous representation ρ : GF −→ GL2(Q)with
determinant the cyclotomic character ω such that:
• The mod  reduction of ρ is equivalent to ρ .
• ρ is unramiﬁed at primes where ρ is unramiﬁed.
• At primes v   where ρ is ramiﬁed, the conductors of ρ|Gv and ρGv are the same.• At v|,
ρ|Gv ∼
(
χvψvω ∗
0 χ−1v ψ−1v
)
where ψv is an unramiﬁed character.
We also have that ρ is modular of parallel weight 2 and minimal level away from .
Proof. Deﬁne a global deformation condition D = {Dv } with determinant ω for ρ as follows:
• If ρ|Gv is unramiﬁed then Dv is the class of unramiﬁed lifting with determinant ω.• If v   and ρ|Gv is ramiﬁed then Dv is the one given by Proposition 3.5.• Let v|. If χ2v = 1 we take Dv to be the class of all liftings equivalent to(
χvω ∗
0 χ
)
.v
1190 J. Manoharmayum / Journal of Number Theory 129 (2009) 1178–1190If χ2v = 1 we take Dv to be the class of all liftings equivalent to(
χvψω ∗
0 (χvψ)−1
)
for some variable unramiﬁed character ψ .
For each prime v|p, we have that Dv is a smooth deformation condition and dimk tDv =
dimk H0(Gv ,ad
0 ρ ) + δp[Fv : Qp]. It follows
dimk H
1{tDv }
(
F ,ad0 ρ
)= dimk H1{t⊥Dv }(F ,ad0 ρ(1))= n, say.
Applying Theorem 3.7, it follows that the universal deformation ring RD for type D deformations has
a presentation
RD = W (k)[[T1, . . . , Tn]]/ J
where the ideal J is generated by at most n elements. Thus the dimension of RD is at least 1. That
RD is ﬁnite over W follows in exactly the same manner as in the proof of Proposition 4.3 of [4]:
Going up to a solvable extension and using results of Skinner and Wiles [10,11], one shows that
RD is a quotient of a certain Hecke algebra which is ﬁnite over some characteristic zero Iwasawa
algebra. Our assumptions on determinant and behaviour at inertia above  then imply that RD is
ﬁnite over W , and consequently RD is a ﬁnite ﬂat complete intersection. The existence of ρ : GF −→
GL2(Q) claimed in the statement is now immediate. That ρ is modular follows from Theorem 5.1
of [10]; the assertions regarding the weight and minimality are immediate from the description of
the local conditions. 
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